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Abstract
In real space forms, Fraser and Schoen proved that a free-boundary minimal disk in a geodesic
ball is totally geodesic. In this note, we consider free-boundary minimal surfaces Σ in geodesic
balls B of complex space forms.
We show that in CP2, C2 and CH2, if Σ has constant Ka¨hler angle, then its boundary curves
are geodesics in ∂B. In fact, if Σ is Lagrangian and has genus zero, or if Σ is a ±-holomorphic
disk, then Σ is totally geodesic. In CPn, Cn and CHn for n ≥ 2, we show that if Σ is totally
real and of genus zero, then Σ is superminimal.
1 Introduction
In a Riemannian manifold M with boundary, a free-boundary minimal surface is a minimal
surface u : Σ2 → M with u(∂Σ) ⊂ ∂M such that u(Σ) meets ∂M orthogonally. Interest in the
orthogonality condition comes from the first variation of area. Indeed, if ut : Σ→M with ut(∂Σ) ⊂
∂M is a one-parameter family of immersions with u0 = u, then
d
dt
∣∣∣∣
t=0
Area(ut(Σ)) = −
∫
Σ
〈H,X〉 volΣ +
∫
∂Σ
〈ν,X〉 vol∂Σ
where H is the mean curvature of u(Σ), where X is the variation vector field, and where ν is the
unit vector field in TΣ that is orthogonal to T (∂Σ) and outward-pointing. This illustrates that
d
dt
∣∣
t=0
Area(ut(Σ)) = 0 for all variations of u if and only if u(Σ) is a free-boundary minimal surface.
For an excellent recent survey, see [8].
Generalizing results of Nitsche [14] and Souam [15], Fraser and Schoen [7] proved that a free-
boundary minimal disk in a geodesic ball in a real space form is totally geodesic. In this note, we
ask whether an analogous uniqueness statement holds in complex space forms. In real dimension
4, we show:
Theorem 1.1. Let u : Σ2 → B4 be a free-boundary minimal surface in a geodesic ball in a complex
space form of real dimension 4. If u(Σ) has constant Ka¨hler angle, then the boundary curve u(∂Σ)
is a geodesic in ∂B. Moreover:
(a) If u(Σ) is Lagrangian and has genus zero, then u(Σ) is totally geodesic.
(b) If u(Σ) is a ±-holomorphic disk, then u(Σ) is totally geodesic.
We use the term totally real to mean “Ka¨hler angle pi2 or
3pi
2 .” In higher dimensions, we have:
Theorem 1.2. Let u : Σ2 → B2n be a free-boundary minimal surface in a geodesic ball in a complex
space form. If u(Σ) is totally real and has genus zero, then u(Σ) is superminimal.
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Our proof will be complex-analytic, similar in spirit to Fraser and Schoen’s arguments in [7].
Now, in [7], the constant sectional curvature assumption in used in two places. First, thanks to the
Codazzi equation, there is a natural holomorphic quartic form Q associated to minimal surfaces in
real space forms. Second, in order to demonstrate that Q vanishes, Fraser and Schoen make use of
the fact that geodesic spheres in real space forms are totally umbilic.
In our situation, by contrast, the complex space forms CPn and CHn admit no totally-umbilic
hypersurfaces whatosever. To compensate for this, we will instead exploit the fact that geodesic
spheres in complex space forms are Hopf hypersurfaces, by which we mean that the complex struc-
ture applied to a unit normal vector to S is principal.
Now, in place of the holomorphic quartic form Q, we analyze a certain holomorphic cubic form
P introduced in the 1983 papers of Eells and Wood [5] and Chern and Wolfson [4]. The cubic
form P has since been used by several mathematicians in studies of harmonic maps and minimal
surfaces: see, e.g., [16], [17], [6], [9], [2], [1].
We will define P precisely in (2.1). For now, note that a minimal surface is called superminimal
if P = 0 on the surface. In CP2, there exists a great variety of compact superminimal surfaces [6],
[4]. In CPn, every superminimal surface can be constructed from holomorphic curves [16], which
explains the significance of Theorem 1.2.
Theorem 1.1 is interesting in view of the abundance of Lagrangian minimal surfaces in CP2 and
CH2. Heuristically, this rigidity can be explained as follows. In a Ka¨hler 4-manifold, a minimal
surface u : Σ→ B4 of constant Ka¨hler angle has only two independent component functions. Along
∂Σ, the free-boundary condition together with the Hopfness of the geodesic sphere ∂B imposes two
constraints on these two functions, which forces the second fundamental form of u(Σ) to vanish
along ∂Σ.
Remark. In CH2, it is likely that Theorem 1.1 is still true if “geodesic ball” is replaced by
“horoball” — the domain whose boundary is the other Hopf hypersurface in CH2 with exactly
two distinct constant principal curvatures [12] — but I have not checked the details.
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2 Proofs of Main Results
Let M be a complex space form of real dimension 2n, so that M is CPn,Cn, or CHn equipped
with a metric 〈·, ·〉 of constant holomorphic sectional curvature. Let ∇ denote the Levi-Civita
connection of 〈·, ·〉, let J denote the (∇-parallel) complex structure on M , and let Ω(·, ·) = 〈J ·, ·〉
denote the Ka¨hler form on M .
Let B denote a geodesic ball in M , and let S = ∂B denote its boundary sphere. Let ν denote
the outward-pointing unit normal vector field to S. Let A : TS → TS denote the shape operator
of S, by which we mean
A(X) = ∇Xν
We emphasize that S is not totally-umbilic. Indeed, S has two distinct (constant) principal curva-
tures [3], one of multiplicity 1, and one of multiplicity (2n−2). Moreover, S is a Hopf hypersurface,
2
meaning that the (Reeb) vector field −Jν is principal [3]. We denote the (multiplicity 1) principal
curvature of −Jν by a and the multiplicity (2n− 2) principal curvature by λ, so that
A(Jν) = aJν
A(V ) = λV, for all V ∈ TS with V ⊥ Jν.
For more on geodesic spheres in complex space forms, the reader might consult [3], [13], [11], [10].
Let u : Σ→ B be a free-boundary orientable minimal surface, equip Σ with an orientation, and
let θ denote the Ka¨hler angle of the immersion. The bundle of vector fields along u(Σ) decomposes
as u∗(TM) = u∗(TΣ)⊕NΣ, and we denote the second fundamental form of u(Σ) as
II(X,Y ) = (∇XY )NΣ
where the superscript NΣ denotes the projection u∗(TM)→ NΣ.
Let (e1, e2) be a local oriented orthonormal frame defined in a neighborhood W of a point on
∂Σ such that ν = u∗(e1) along ∂Σ. Extend ν to a vector field on W by requiring
ν = u∗(e1)
and set
T = u∗(e2).
At points p ∈ W , let D = span(ν, Jν)⊥ denote the (J-invariant) real (2n− 2)-plane orthogonal to
the real 2-plane span(ν, Jν). So, both Dp and NpΣ are (2n − 2)-planes inside the (2n − 1)-plane
span(ν)⊥. At points where sin(θ) 6= 0, the intersection NpΣ ∩ Dp is a (2n− 3)-plane. However, at
points where sin(θ) = 0, we have NpΣ = Dp.
Remark. If u is minimal and not ±-holomorphic, the set of points at which sin(θ) = 0 is discrete.
See [4]: §2.
Let {V1, . . . , V2n−4, U, JU} be a unitary basis for D with the property that
V1, . . . , V2n−4, U ∈ NΣ ∩ D.
Thus, (ν, Jν, U, JU, V1, . . . , V2n−4) is a local unitary frame field along u(Σ). In terms of this frame,
we can write T = c1Jν + c2JU for some functions c1, c2 satisfying (c1)
2 + (c2)
2 = 1. Since
cos(θ) = Ω(ν, T ) = Ω(ν, c1Jν + c2JU) = c1, it follows that c2 = ± sin(θ). Now, U has only been
specified up to sign: we choose the sign such that c2 = − sin(θ). Thus,
T = cos(θ)Jν − sin(θ)JU.
Finally, let N denote the vector field
N = − sin(θ)Jν − cos(θ)JU.
One can check that (U,N, V1, . . . , V2n−4) is an orthonormal basis of each normal space NpΣ. The
upshot is that
(ν, T, U,N, V1, . . . , V2n−4)
is a local orthonormal frame adapted to the free-boundary surface u : Σ→ B2n.
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We now express the second fundamental form of u(Σ) in terms of this frame, writing
II(e1, e1) = a11U + b11N +
∑
hλ11Vλ
II(e1, e2) = a12U + b12N +
∑
hλ12Vλ
II(e2, e2) = −II(e1, e1)
where a11, a12, b11, b12 and h
λ
11, h
λ
12 are functions, and 1 ≤ λ ≤ 2n− 4. In this notation, we consider
the cubic form P given by
P =
1
4
sin(θ) [(a11 − b12)− i(a12 + b11)]φ3 (2.1)
where φ = 1 + i2 ∈ Ω1,0(Σ), and (1, 2) is the coframe field dual to (e1, e2). In [4], it is shown
that if u(Σ) is a minimal surface in a complex space form, then P is holomorphic.
We can now establish two lemmas. The first is essentially a rephrasing of equation (2.30) in
[4], which we prove here for the sake of being self-contained. It shows, in particular, that minimal
surfaces of constant Ka¨hler angle have extra symmetries in their second fundamental forms.
Lemma 2.1. For any tangent vector X ∈ TΣ, we have:
dθ(X) = 〈II(X, e2), N〉+ 〈II(X, e1), U〉
In particular,
dθ(e1) = a11 + b12
dθ(e2) = a12 − b11
Proof. By differentiating 〈T, Jν〉 = cos(θ), we find that
− sin(θ)dθ(X) = ∇X(cos(θ)) = ∇X〈T, Jν〉
= 〈∇XT, Jν〉+ 〈∇X(Jν), T 〉
= 〈∇XT, Jν〉 − 〈∇Xν, JT 〉
= 〈∇XT, cos(θ)T − sin(θ)N〉 − 〈∇Xν,− cos(θ)ν + sin(θ)U〉
= − sin(θ)〈∇XT,N〉 − sin(θ)〈∇Xν, U〉
Thus,
sin(θ)dθ(X) = sin(θ) [〈II(X, e2), N〉+ 〈II(X, e1), U〉]
This establishes the claim at points where sin(θ) 6= 0. By a completely analogous calculation,
differentiating 〈T, JU〉 = − sin(θ) yields
cos(θ)dθ(X) = cos(θ) [〈II(X, e2), N〉+ 〈II(X, e1), U〉]
which establishes the claim at points where cos(θ) 6= 0. ♦
We now exploit the free-boundary condition and the Hopfness of ∂B. The following quick
calculation is the analogue of equation (2.5) in [7].
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Lemma 2.2. Along ∂Σ, we have
II(e1, e2) = (λ− a) cos(θ) sin(θ)N.
Proof. We compute
A(T ) = A(cos(θ)Jν − sin(θ)JU)
= a cos(θ)Jν − λ sin(θ)JU
= a cos(θ) (cos(θ)T − sin(θ)N) + λ sin(θ) (sin(θ)T + cos(θ)N)
=
(
a cos2(θ) + λ sin2(θ)
)
T + (λ− a) cos(θ) sin(θ)N.
Consequently,
II(e1, e2) = (∇T ν)NΣ = (A(T ))NΣ = (λ− a) cos(θ) sin(θ)N.
♦
We now prove Theorem 1.2.
Proof. Let u : Σ2 → B2n be a free-boundary minimal surface in a geodesic ball B. Suppose that
u(Σ) is totally real, so cos(θ) = 0. Since dθ = 0, Lemma 2.1 gives
a11 + b12 = 0 a12 − b11 = 0
on all of u(Σ). Now, Lemma 2.2 shows that a12 = b12 = 0 along ∂Σ, so that a11 = b11 = 0 along
∂Σ as well, and hence P = 0 along ∂Σ. If Σ has genus zero, then P = 0 on all of Σ, meaning that
u is superminimal. ♦
Finally, we prove Theorem 1.1.
Proof. Let u : Σ2 → B4 be a free-boundary minimal surface in a geodesic ball of real dimension 4.
Suppose that u(Σ) has constant Ka¨hler angle θ. From Lemma 2.1 and Lemma 2.2 and the fact
that dimR(B) = 4, we see that II = 0 along ∂Σ, and hence u(∂Σ) is a geodesic in ∂B.
(a) If u(Σ) is Lagrangian and has genus zero, then Theorem 1.2 shows that u(Σ) is supermini-
mal. By Lemma 2.1, every superminimal Lagrangian in M4 is totally geodesic.
(b) Suppose u(Σ) is a holomorphic disk. Let v : Σ→ B denote a holomorphic, totally-geodesic
embedding of a disk as a free-boundary minimal surface (meaning that v(Σ) is a subset of CP1, C1,
or CH1, depending on the curvature of the target). After a holomorphic isometry, we can assume
that v and u intersect at a point in the boundary. Both u(∂Σ) and v(∂Σ) are integral curves of
the Reeb field, so u(∂Σ) = v(∂Σ). By holomorphicity, it follows that u = v on Σ, so u is totally
geodesic. ♦
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